Abstract. Shadowing provides a means of obtaining global error bounds for approximate solutions of nonlinear differential equations with interesting dynamics, in particular, for initial value problems with positive Lyapunov exponents. Shadowing breaks down in the presence of zero Lyapunov exponents, although some results such as shadowing with rescaling of time have been obtained. Using a reformulation of the original differential equations and an improved fixed point result we take advantage of componentwise local error bounds to use relatively smaller error tolerances in nonhyperbolic and contractive directions (i.e., in directions corresponding to zero and negative Lyapunov exponents). The result is a decrease in the shadowing global error.
Introduction.
Global error analysis using a shadowing lemma approach involves treating the error equation as a boundary value problem (BVP) as opposed to an initial value problem (IVP). This allows for shadowing-type error analysis results for problems with expansive and contractive directions. The difficulty occurs when there are directions that are neither exponentially expansive nor contractive, and we call these nonhyperbolic directions. Most shadowing lemma techniques rely on a fixed point result that is similar to using the numerically computed solution as an initial guess for a modified Newton's method to find a true trajectory to the given differential equation. This leads to the need to find and bound an inverse (in our case a right inverse) of the Jacobian for the modified Newton's method.
In this paper, we consider an improved fixed point result and find that what is important is not so much the norm of a right inverse of the Jacobian, but the action of the right inverse on several vectors. This produces sharper results and the ability to gain a better understanding of the breakdown of shadowing in the presence of nonhyperbolic directions. We reformulate the original differential equation in terms of a new coordinate system that corresponds to the directions associated with the Lyapunov exponents of the linearized problem that we denote by the columns of an orthogonal matrix function Q ≡ Q(t). This allows us to write the dependent variable x of the nonlinear differential equation in terms of these directions of different growth and decay rates and write x = Qy and solve for Q and y instead of x. With this reformulation we derive componentwise bounds on the magnitude of the local error in directions corresponding to different rates of growth and decay, and with the improved fixed point result we are able to derive sharper shadowing bounds by employing smaller local error tolerances in the nonhyperbolic and contractive directions.
Our focus numerically is in employing existing IVP solvers, including the extrapolation code ODEX from [17] and the Runge-Kutta suite RKSUITE from [3] . The numerical shadowing methods presented here provide accurate results, due to the componentwise error bounds and the improved fixed point result, and are obtained with relatively small cost due to the use of efficient numerical linear algebra techniques.
Recent work on shadowing has involved extending shadowing to allow for rescaling of time, i.e., allowing for perturbations in the time step (see the work of Coomes [6] , Coomes, Kocak, and Palmer [7] , Palmer [22] , Van Vleck [26] , and Franke and Selgrade [12] , [13] ). Rescaling of time can be thought of as allowing for a special perturbation of the differential equation. Work on numerical shadowing includes the ground breaking work of Hammel, Yorke, and Grebogi [18] , [19] , the shadowing-type results of Beyn [2] , the work of Chow, Lin, and Palmer (e.g., [4] ), Chow and Palmer (e.g., [5] ), the numerical work of Sauer and Yorke [24] , and the initial work on the breakdown of shadowing of Dawson et al. [8] . We also mention here a related concept known as backward error analysis in which one considers a modified differential equation and provides error statements with respect to this modified equation. This has proved to be a very useful concept of error, especially in the case of Hamiltonian systems (see, e.g., [1] , [15] , [16] , and [23] ).
This paper is organized as follows. In section 2 we present the shadowing setup that we will employ throughout this paper, and in section 3 we present an improved fixed point result that has two fewer norm bounds than the previous result. In section 4 we consider a reformulation of the given differential equation and its linear variational equation by writing the dependent variable x(t) as x(t) = Q(t)y(t) and a fundamental matrix solution X(t) = Q(t)R(t), respectively, where Q(t) is a square orthogonal matrix and R(t) is an upper triangular matrix, and by solving for y, Q, and R instead of x and X. Based upon this reformulation, we consider in section 5 the form of a right inverse, in our case the pseudoinverse, of a linear operator that approximates the Jacobian, and we provide bounds in section 6 on the elements of the vectors multiplying the right inverse. Section 7 contains algorithmic formulations and details, section 8 contains our numerical results, and section 9 contains our conclusions.
Shadowing setup.
Consider the autonomous IVP where f is a C 2 function,
, for a positive integer M , has been produced, and let t n+1 = t n + h n with t 0 = 0. Consider the nonlinear operator F (x, h) with nth block component given by
for n = 0, . . . , M − 1, where φ is the local solution operator and δ n+1 is the local error at the nth step. The linearization of
for n = 0, . . . , M − 1, where θ ≥ 0 is a scaling factor (see [26] ). We assume that DF (x, h) is approximated by a linear operator, (L(∆x, ∆h)) n = ∆x n+1 − Y n ∆x n − θf n+1 ∆h n , (2.4) Downloaded 09/29/14 to 129.237.46.100. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php for n = 0, . . . , M − 1. Throughout the paper we consider z = x ∈ R (M +1)N for θ = 0 and z = (x, h) ∈ R (M +1)N × R M for θ > 0, with norms ||z|| = sup n ||x n || for θ = 0 and ||z|| = ||(x, h)|| = max{sup n ||x n ||, sup n |θ −1 h n |} for θ > 0. For n = 0, . . . , M − 1 the nth N × N block column of DF (z) and of L is nonzero only in the nth block component. In addition, for θ > 0 the remaining M columns of
The nth block component of F (z) is given by δ n+1 .
Fixed point result.
The following is an improved version of a fixed point result that has been used in many instances to prove the existence of a nearby solution in a shadowing context. The proof is basically the same, but it allows for the use of more precise componentwise information. The statement of the fixed point theorem is very similar to the statement of Theorem 1, p. 536, in Kantorovich and Akilov [20] , and the proof is a minor modification of Proposition 4.1 in [4] . Our goal now is to find a bound α < 1 in (3.1) and a bound on β in (3.2) so that we can set = β/(1 − α) provided ≤ 0 .
Reformulation of the differential equation.
In order to decrease the shadowing distance when there are nonhyperbolic directions, for instance, in the neighborhood of a nontrivial attracting set or in the presence of first integrals, we rewrite the differential equation (2.1) to take advantage of componentwise local error tolerances. We introduce an auxiliary matrix differential equation that will also be useful in solving the linear variational equation. To make the idea clear, suppose for each time t we have an orthogonal matrix Q(t) ∈ R N ×N whose columns correspond to directions of different rates of growth. Then we can write x(t), the solution to (2.1), as a linear combination of the columns of Q(t), i.e., x(t) = Q(t)y(t). The components of y(t) correspond to the growth rates in the directions given by the columns of Q(t). If we write the solution to the linear variational equation, X(t), as X(t) = Q(t)R(t) (see [9] ), where Q(t) is orthogonal and R(t) is upper triangular, then Q(t) satisfies the following matrix differential equation, where S(Q) ≡ S(Q, A(t)) is a skew-symmetric matrix and A(t) ≡ Df (x(t)),
Since x(t) = Q(t)y(t), we haveẋ(t) =Q(t)y(t) + Q(t)ẏ(t), so y(t) satisfies the differential equationẏ 
We solve using (4.2) as opposed to (2.1) so that componentwise local error control may be obtained with respect to the moving coordinate system given by Q(t). This could be accomplished by solving with (2.1) but would require that the error control for the x variable depend on our approximation to Q. Solving by using (4.1) and (4.3) is a numerically stable way of approximating the linear variational equation.
Form of the pseudoinverse. We choose for the right inverse, L
† , in Theorem 3.1, the pseudoinverse. This allows us to find L † explicitly, which is useful when determining the bounds for α and β in (3.1) and (3.2). The choice of the pseudoinverse also has the advantage that it is independent of the dynamics of the problem, i.e., does not depend on the number of stable, unstable, or neutral modes, and it is the optimal choice with respect to the two norm.
We solve (4.1) and (4.2) numerically to produce sequences
where I M is the M × M identity matrix, and in block indices,
where U † is the pseudoinverse of U . We write U † = U T (UU T ) −1 and note that UU T is symmetric and block tridiagonal with entries (UU
− L] and Q T F (z). Once componentwise bounds are obtained we find the bounds α and β in (3.1) and (3.2), respectively, using the following simple idea. Let u denote Downloaded 09/29/14 to 129.237.46.100. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php
Using the results in [21] and the references therein we have that the (i, j) block of (UU T ) −1 has the form
where Ψ i and Ω j are N ×N matrices. In addition, the block vectors
T can be determined by solving
where Ξ 0 denotes the block vector with the identity matrix in the 0th block and Ξ M −1 denotes the block vector with the identity in the (M −1)th block (with all other blocks zero). In general, (5.6) is not a numerically stable way to form (
In the next section we will obtain componentwise bounds on
− L] to form the vectors that will multiply the matrixQU † which has, using the form of (UU T ) −1 , the block entries,
for j = 0, . . . , M − 1, and for θ > 0, the remaining M rows ofQU
Note that, by using the form of L, we have (for θ = 0) that (2.2) is of the form
which after a change of variables (z n = Q T n ∆x n and ρ n = Q T n δ n ) has the form
Consider the following simplified example of (5.10) with
where R 11 > 1, 0 < R 33 < 1, R 22 = 1, and ρ n ≡ ρ for all n. If we solve (5.10) forward in time for the second and third components of z with initial conditions of 0 and backward in the first component of z with terminal condition 0, then we obtain linear growth in the solution z unless we set the second and third components of ρ to O(M −1 ) times the first component of ρ. This suggests having, after considering Downloaded 09/29/14 to 129.237.46.100. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php (4.4), a relatively smaller local error tolerance for the components of y and columns of Q that correspond to nonhyperbolic and contractive directions (assuming that the directions are ordered as in our simple example). Similarly, we will use a relatively smaller local error tolerance for the rows of R corresponding to nonhyperbolic and contractive directions. It is important to point out that, although our plan is to require smaller error tolerances when computing the coupled set of equations for y, Q, and R numerically, this should really only restrict our time step in the integration of Q since the time step for y and R should be based on the unstable directions.
Bounds on
In what follows, let U denote the set of indices corresponding to unstable directions and let CS denote the set indices corresponding to nonhyperbolic and stable directions based upon some criteria, for instance, the average magnitude of the diagonal elements of the upper triangular coefficient matrixÃ(t) from (4.3).
We first consider the case in which θ = 0 and wish to determine componentwise bounds on Q
, which we rewrite as
and Y n (t) with y n (0) = x n and Y n (0) = I as the numerical solution to the original nonlinear problem and the linear variational equation, respectively, using dense or continuous output (see [17, p. 176 
where ι := U for i ∈ U, ι := CS for i ∈ CS, and χ {i≤j} is 1 for i ≤ j and 0 otherwise.
Proof. The inequality (6.2) follows using (4.4) and the fact that we have x n+1 − φ(x n , h n ) = δ n+1 . The inequality (6.3) follows similarly.
Remark 6.1. Note that if we bound the local error for the ith column of Q by η ι /(1+max{||R n || 1 , ||x n+1 || 1 }), then the bounds (6.2) and (6.3) in Lemma 6.1 become 2η ι +O(η 2 U ) and (χ {i≤j} +1)η ι +O(η 2 U ), respectively, where ι := U for i ∈ U, and ι := CS for i ∈ CS.
Given the bound (6.3) for Q T n+1 E n (t) we focus on determining componentwise
Consider the linear equations (6.4) and 
Proof. Let z j (t) denote the supremum norm of the jth column of V (t). Then we have
so by Gronwall's inequality (see [25, p. 108] ) and using the fact that z j (0) = 0, we have
Using (6.3) and (6.8), we obtain the following bounds on the magnitude of the components of 
where ι := U for i ∈ U, and ι := CS for i ∈ CS.
Our task now is to determine computable bounds on a and b j . The difficulty occurs because the matrix functions B(t) and C(t) are not explicitly known.
We assume that either f satisfies a one-sided Lipschitz condition (see [25, p. 173] ) so there exists a constant L os such that
or f is locally Lipschitz so that there exists a nonnegative constant L loc such that
Using Gronwall's inequality for Λ = L os (and ε 0 = √ N 0 ) or Λ = L loc (and ε 0 = 0 ), respectively, we have
Let L Df denote the Lipschitz constant for Df so that (6.16) where δ n+1 (t) is the local error at the nth step at time t for 0 ≤ t ≤ h n . Then we have |Df (w n (t)) ij | ≤ |Df (w n (t)) ij − Df (x n (t)) ij | + |Df (x n (t)) ij − Df (y n (t)) ij | + |Df (y n (t)) ij | ≤ G 1 (t) + G 2 (t) + |Df (y n (t)) ij | =: H ij (t).
(6.17)
We have the following for a:
For b j we obtain
The bounds for a and b j given in (6.18) and (6.19), respectively, combined with Lemma 6.1 and Corollary 6.1 provide bounds on the components of Q T F (z) and
When θ > 0, we need to determine bounds on 
||B(t)Q
T n+1 f (φ(w n , h n ))|| ∞ and d ≥ sup
||[B(t) − C(t)]Q
T n+1 f (φ(x n , t))|| ∞ .
Lemma 6.3. With the assumptions of Lemma 6.1 we have for
Proof. First derive an expression similar to (6.6), and then the proof follows using the same technique as the proof of Lemma 6.2. Downloaded 09/29/14 to 129.237.46.100. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php (x n , t) ) satisfies (6.5), we may obtain bounds on the left-hand side of (6.23) in a similar fashion to those previously obtained.
Lemma 6.4. With the assumptions of Lemma 6.1 we have, for |t − h n | ≤ θ ,
(6.24)
We now determine computable bounds on a θ , b θ,j , c θ , and d θ in a similar spirit to those for a and b j . For a θ we use (6.17) with the limits of the supremum changed to |t − h n | ≤ θ in (6.18). To find the bound for b θ,j , we bound B(t) as for a θ and then bound Q T n+1 D wn φ(w n , h n ) using (6.3) and (6.8). We bound c θ and d in a fashion similar to that of b θ,j and b j , respectively, and employ the bound
Putting all of these bounds together we have the following theorem that summarizes the bounds for θ = 0 and θ > 0. 7. Implementation. The basic outline of our algorithm for solving and producing a shadowing distance estimate for an approximate solution of the IVP (2.1) is as follows.
Algorithm. Given constants 0 > 0 and θ ≥ 0 and componentwise tolerances, η U ≥ η CS > 0 with respect to the indices U and CS.
1. Simultaneously approximate solutions to (4.1), (4.2), and (4.3). 2. Update the elements of the matrix UU T , and store y n , Q n , R n , and f n+1 . 1. We employ ODEX [17] or RKSUITE [3] to approximate the differential equations and use a projected integration scheme to maintain orthogonality of Q (see [9] ) using a modified Gram-Schmidt procedure [14] . We modified the error control of ODEX to enforce componentwise error tolerances. The use of componentwise tolerances is a standard feature in RKSUITE. We bound the local error for the columns of Q as described in Remark 6.1 and set µ n = 2 and σ nj = 1 for all n and j. For RKSUITE we employ the (7, 8) Runge-Kutta pair.
2. We use symmetric block tridiagonal storage when forming UU T .
3. We estimate Q T F (z) and Q T (DF (w) − L) by sampling at the mesh points {t n } M 0 so that sup 0≤t≤hn is replaced by max t∈{0,hn} and we neglect the O(η 2 U ) terms in (6.2) and (6.3).
4. We solve for some of the rows ofQU † and then use (5.4) to estimate α and β. This provides lower bounds on α and β that will be sharp if the "correct" rows are used. We use the first and last block rows ofQU † and several picked at random to obtain an estimate on α without the full cost of solving for all of U † . To determine block rows of U † we use the block tridiagonal solver TRDBLK [11] .
Numerical results.
In this section we present numerical results of our shadowing algorithm applied to several nonlinear IVPs. We obtain approximate solutions and local error estimates from the IVP solvers ODEX and RKSUITE. In the description of our numerical results we denote by "M " the number of time steps taken; "U" denotes the set of indices for which the local error tolerance "η U " is employed, while the local error tolerance "η CS " is used for the remaining indices. The value "T " is the final time reached during the numerical computation; "QhUdnorm" is the maximum row sum of the rows ofQU † that were computed. For the numerical experiments recorded here we computed six block rows: the first two, last two, and middle two block rows. When θ > 0 we compute the corresponding additional rows ofQU † . We found some variation in QhUdnorm when using other rows ofQU † , but always within the same order of magnitude and, in fact, never greater than twice the value of QhUdnorm reported here. We recommend randomly choosing the rows ofQU † to be computed, but have chosen to compute these particular six block rows for definiteness. We also report on the value "α" in (3.1) and the value of the shadowing distance " " that was obtained. We will indicate with "-" if there was no value of 0 for which we were able to satisfy α < 1 and ≤ 0 . All computations where performed on a Linux workstation with 512MB memory using a 400MHz processor. We found that the computation of y, Q, and R comprised approximately 85 percent of the computation time when using ODEX and approximately 70 percent of the computation time when using RKSUITE.
To compare the numerical shadowing technique presented here with other shadowing techniques we consider two categories of techniques: (i) "BVP techniques"-these are based upon forming a right inverse by specifying boundary conditions using the stability properties of the system and then bounding the norm of a solution to this BVP; (ii) "pseudoinverse techniques"-this is the approach taken here and involves finding and bounding the norm of a particular right inverse, the pseudoinverse. In general, the BVP technique (see, e.g., [5] , [7] ) provide somewhat conservative values for the shadowing distance, but they are obtained rather inexpensively. The pseudoinverse techniques (see, e.g., [26] and this paper) are expensive, but sharper. The expense is due to the requirement that we find L † explicitly so the norm of the pseudoinverse is obtained essentially exactly. By obtaining only selected rows of L † Downloaded 09/29/14 to 129.237.46.100. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php we have decreased the expense but at the cost of perhaps not having a bound on the norm of the entire pseudoinverse. Regardless of how the right inverse has been chosen and bounded, a result similar to Proposition 4.1 in [4] has been used (see [5] , [7] , and [26] ) to determine the shadowing distance . With the standard fixed point result, which takes α = 1/2 and has two additional norm bounds, the shadowing distance is approximately 2||L † ||δ where δ is a uniform bound on the norm of the local error. With the formulation and fixed point result presented here, for η CS /η U = 1 the best possible shadowing distance is = QhUdnorm · 2η U , where 2η U is our bound on the supremum norm of the local error tolerance (see Remark 6.1), and the results can only improve for η CS /η U < 1.
Example 8.1. As our first example we consider a forced van der Pol oscillator
2 , and ω = √ 1 − α 2 and the initial conditions (0, 0). In our numerical experiments, we set 0 = 5.E − 4 when using RKSUITE and set 0 = 1.E − 3 when using ODEX.
In Table 8 .1, we see a decrease by an order of magnitude in QhUdnorm for θ > 0 since one of the Lyapunov exponents is close to zero. In addition, there is some improvement in the shadowing distance when η CS /η U < 1. There is a trade-off here in that there is some decrease in the average stepsize when η CS /η U < 1, which tends to increase QhUdnorm, but in spite of this there is a decrease in especially for η CS /η U = 1.E − 1. This is not a particularly good example for our method since both of the Lyapunov exponents are negative (we are using U = {1}); nonetheless we do obtain some improvement with η CS /η U < 1.
We consider the parameter values σ = 10, ρ = 28, and β = 8/3, and the initial condition is chosen to be (x 0 , y 0 , z 0 ) = (0, 1, 0). In our numerical experiments, we set 0 = 5.E − 5 when using RKSUITE and set 0 = 2.E − 6 when using ODEX. In Table 8 .2, observe the decrease by an order of magnitude in the shadowing distance approximation with RKSUITE when changing η CS /η U from 1.E0 to 1.E −1. In general, we tend to observe smaller shadowing distances for ODEX than for RKSUITE, ostensibly Downloaded 09/29/14 to 129.237.46.100. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php due to the larger average stepsize achieved by the higher order of the two methods, ODEX. In Table 8 .3, we report on longer time simulations performed with M = 4E + 5 time steps. Example 8.3. The next example we consider is a ring of oscillators with an external force proportional to the position component of the limit cycle of a van der Pol oscillator. In particular, we consider the following system, similar to that considered in [10] ,ÿ
The function Φ(x) = (x 2 /2) + (x 4 /4) is the single well Duffing potential, α, ω, γ, σ are scalar parameters, x i is the displacement of the ith particle, d i is the damping coefficient, and we have periodic boundary conditions (x 0 = xN and xN +1 = x 1 ). For the experiments we setN = 2, α = 1, ω = 1.82, γ = 1, σ = 4, and d 1 = d 2 = 3.E − 2 and employ the initial conditions (y,ẏ, x 1 ,ẋ 1 , x 2 ,ẋ 2 ) = (1, 0, 0, 0, 0, 0). In Table 8 .4 we report on simulations for the forced coupled oscillators. The importance of rescaling of time is seen in the decrease in QhUdnorm as we increase θ from 0.E0 to 1.E − 2. In addition, we see the benefits of η CS /η U < 1 especially when using ODEX, in particular for θ = 1.E − 2 we see a nontrivial decrease in the shadowing distance when η CS /η U is changed from 1.E0 to 1.E − 1. In Figure 1 we exhibit plots Downloaded 09/29/14 to 129.237.46.100. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php of the solution components (x 1 ,ẋ 1 ) and (x 2 ,ẋ 2 ). In Figure 2 we plot the four largest instantaneous Lyapunov exponents versus time. These instantaneous exponents are simply the diagonal elements ofÃ (see (4.3)), the coefficient matrix for R. Notice the variation of the exponents about zero which shows a lack of hyperbolicity and makes this a difficult problem for obtaining good shadowing distances. In fact, for θ = 0 we were not able to shadow the approximate solution.
9. Conclusions. In this paper we devised a new approach to posteriori error analysis for approximate solutions to IVP ODEs using a shadowing lemma-type approach. Using an improved fixed point theorem and a reformulation of the differential equations we were able to obtain improved shadowing results. The cost of the numerical method for providing these global error estimates is small relative to the cost of approximating the differential equations. In particular, the method is O(M ) in both time and memory, and we found that the cost of providing the global error estimate is a fraction of the computation time. Any improvements to the estimates in section 6 would translate into improvements in the global error estimates. The use of different local error tolerances for different components of the differential equations, made possible by the reformation of the differential and taken advantage of with the improved fixed point result, allow for improved shadowing distances without severe degradation in the average time step. In all three examples there was improvement in the shadowing distance with the use of componentwise error control. The most substantial improvement was in Example 8.2, the Lorenz equation (one positive, one zero, and one negative Lyapunov exponent), which is a good fit to our prototype example (see (5.9)-(5.11) and the discussion thereafter), while in Example 8.1 (two negative exponents) and Example 8.3 (several finite time exponents oscillating about zero) we had some improvement. "les.out" using 1:4 "les.out" using 1:5
Fig. 2. Plots of first two and second two instantaneous Lyapunov exponents versus time.

